The aim of this paper is to present a recursive construction of simple t−designs for arbitrary t. The construction is of purely combinatorial nature and it requires finding solutions for the indices of the ingredient designs that satisfy a certain set of equalities. We give a small number of examples to illustrate the construction, whereby we have found a large number of new t−designs, which were previously unknown. This indicates that the method is useful and powerful.
Introduction
One of the most challenging problems in design theory is the problem of constructing simple t−designs for large t. There are several major approaches to the problem. These are constructing t−designs from large sets of t−designs, for instance [1] , [11] , [14] , [15] , [20] , [21] , [25] ; constructing t−designs by using prescribed automorphism groups, for example [3] , [4] , [5] , [6] , [7] , [9] , [13] , [16] ; or contructing t−designs via recursive construction methods, see for instance [10] , [12] , [17] , [18] , [19] , [22] , [23] , [24] .
In this paper we present a new recursive method for constructing simple t−designs for arbitrary t. The method is of combinatorial nature, which is a composition technique where a t−design is built up from other smaller ingredient designs. Which ingredient designs will be necessary are determined by the solutions to a set of equalities involving their indices. The method proves to be very useful and powerful. Our experimental results obtained from its application have shown that, even for a small number of chosen parameters for the ingredient designs, plentiful new simple designs can be constructed, which were previously unknown.
We recall some basic definitions. A t−design, denoted by t − (v, k, λ), is a pair (X, B), where X is a v−set of points and B is a collection of k−subsets, called blocks, of X having the property that every t−set of X is a subset of exactly λ blocks in B. The parameter λ is called the index of the design. A t−design is called simple if no two blocks are identical i.e. no block of B is repeated; otherwise, it is called nonsimple (i.e. B is a multiset). It can be shown by simple counting that a t − (v, k, λ) design is an s − (v, k, λ s ) design for 0 ≤ s ≤ t, where λ s = λ v−s t−s / k−s t−s . Since λ s is an integer, necessary conditions for the parameters of a t−design are
For given t, v and k, we denote by λ min (t, k, v), or λ min for short, the smallest positive integer such that these conditions are satisfied for all 0 ≤ s ≤ t. By complementing each block in X of a t − (v, k, λ) design, we obtain a t − (v, v − k, λ * ) design, where
, hence we shall assume that k ≤ v/2. The largest value for λ for which a simple t − (v, k, λ) design exists is denoted by λ max and we have
We refer the reader to [2] , [8] for more information about designs.
The Construction
We first introduce ingredients and notation used in the construction. Let t, v, k be non-negative integers such that v ≥ k ≥ t ≥ 0. Let X be a v-set and let X = X 1 ∪ X 2 be a partition of X (i.e X 1 ∩ X 2 = ∅) with |X 1 | = v 1 and
Throughout the paper the parameter set t − (v 2 , j,λ (j) t ) for a design indicates that the point set of the design is X 2 . Also, a design defined on the point set X 2 will be denoted byD = (X 2 ,B).
For
3. Two degenerate cases for designs occur when either v = k = t = 0 or v = k. The first case v = k = t = 0 gives an "empty" design, denoted by ∅, however we use the convention that the number of blocks of the empty design is 1 (i.e. the unique block is the empty block). The second case v = k gives a degenerate kdesign having just 1 block consisting of all v points. Thus, in these two extreme cases the number of blocks of the designs is always 1.
We now describe our construction. Consider (k + 1) pairs of simple designs
Thus, B (i,k−i) is a collection of k-subsets of X obtained by taking the union of blocks of D i andD k−i . Note that the sets B (i,k−i) and B (j,k−j) are pairwise disjoint for i = j and i, j = 0, . . . , k. Define
where u i ∈ {0, 1}, for i = 0, . . . , k.
It should be noted that the notation We examine the necessary conditions for which (X, B) forms a simple t-design. Consider the block set B (i,k−i) . We see that each t-subset T (s,t−s) of X is contained in
s blocks of D i and any (t − s)-set of X 2 is contained inλ
t−s could be equal to 0; this is the case when i < s or k − i < t − s. Define
It follows that for a given t-set T (s,t−s) of X the number of blocks in B containing
Since any t-set T of X is of form T s,t−s for some s ∈ {0, . . . , t}, so if
where Λ is a positive integer, then (X, B) forms a simple t-design with parameters t − (v, k, Λ).
We record the result of the construction discussed above in the following theorem.
where
Assume that
for a positive integer Λ, where
Two remarks should be included. Firstly, Eq.(1) always has at least one solution giving rise to the complete t − (v, k, v−t k−t ) design. In other words, if each ingredient design is a complete design with its corresponding parameters, then we obtain the complete design as a result. Secondly, we mainly focus on simple designs, so we have formulated Theorem 1.1 accordingly. But, the construction by no means restricts to simple t−designs. It works for both simple and non-simple designs. In fact, the construction only uses the "balance property" which depends on the indices λ (i) t , and not on any "structural property" of the ingredient designs. Thus, if any of the ingredient designs is non-simple, then so is the resulting design constructed from a solution of Eq.(1).
Applications
In this section we illustrate the construction in Theorem 1.1 through a number of examples which also prove the strength of the method. In fact, for some given parameters with t = 4, 5, 6, we have constructed a large number of new simple designs.
In the following we will employ the notation from Chapter 4 : t-Designs with t ≥ 3 of the Handbook of Combinatorial Designs. The parameter set t−(v, k, λ) of a design will be written as t − (v, k, mλ min ). Since the supplement of a simple t − (v, k, λ) design is a t − (v, k, λ max − λ) design, we usually consider simple t − (v, k, λ) designs with λ ≤ λ max /2. Thus, the upper limit of m of a constructed design will be LIM = ⌊λ max /(2λ min )⌋. But, it should be remarked that, when an ingredient design with index λ is used, then λ can take on all possible values, i.e. λ min ≤ λ ≤ λ max .
Simple 5 − (36, k, Λ) designs
A detailed example will illustrate the construction. • 5 − (18, 6, λ • 5 − (18, 7, λ (18, 8, m2) ).
Simple
s = 0, . . . , 5, and u i ∈ {0, 1} for i = 0, . . . , 10. Sinceλ + u 1 λ
(1) 0λ
5 + u 4 λ (4) 0λ
5 + u 2 153λ
5 + u 4 3060λ 
4 + u 4 λ = u 1 14 5λ
136 × 14 3λ
5 + u 4 680 × 7λ 
5 .
Further, sinceλ
3 =λ
3 + u 4 λ (4) 2λ
3 + u 6 λ
3 + u 7 λ 
5 + u 4 120 × 35λ 
5 + u 7 56λ
Similarly, we compute
2 + u 4 λ (4) 3λ
(2) 2 = u 3 56λ
5 + u 4 15 × 140λ
5 + u 5 105 × 560 + u 6 35 × 120λ
5 + u 7 35 × 16 2 λ
5 + u 8
1 + u 9 λ (9) 4λ
5 + u 5 14 × 2380 + u 6 7 × 680λ
14 × 136 3 λ
5 +
0 + u 9 λ 
5 + u 7 816λ
5 + u 8 153λ
5 + u 10 λ
Each set of values of u i ∈ {0, 1}, i = 0, . . . , 10, and λ
5 , j = 6, . . . , 10, for which the condition
is fullfilled for a positive integer Λ will yield a simple 5 − (36, 10, Λ) design. Note that a 5 − (36, 10, λ) design will be written as 5 − (36, 10, m63) with λ min = 63 and λ max = L 0,5 = y 10 + 18y 9 + 153y 8 + 816y 7 + 3060y 6 + u 5 8568.
2.1.2
Simple 5 − (36, k, λ) designs with 11 ≤ k ≤ 15
We give a summary of the results from the construction of Theorem 1.1 for simple 5 − (36, k, λ) designs for k = 11, . . . , 15, for which v 1 = v 2 = 18. When v 1 = v 2 , we observe that most of the solutions of Eq.(1) have the property that λ
5 , which we call symmetric property. Thus, assuming symmetric property for solutions of Eq.(1) appears to be reasonable. On the other hand, it will reduce the search time for solutions enormously. For k = 12, 13, 14, 15 we assume the symmetric property, but even so a great number of new designs have been constructed. show the constructed simple 5 − (36, 11, m21) designs. Of which 72 values of m yield new designs, except one, m = 13485, which has been known already.
• The results for k = 12, 13, 14, 15 are recorded in the following In Table 2 the figures in column "# solutions of Eq. (1)" are the number of solutions of Eq. (1) having the symmetric property, whereas those in column "# constructed designs" are the number of constructed simple designs with parameters in the first column for m ≤ LIM. The constructed 5-designs are derived from solutions of Eq. (1) and from known simple 5-designs on 18 points as given in [8] .
Remark 2.2
We have also applied our method to constructing 5 − (36, k, Λ) designs for k = 16, 17, 18. In each of these cases we can always construct new designs. • 5 − (36, 11, 11832 × 21) with λ • 5 − (36, 12, 15337 × 15) with λ • 5 − (36, 13, 1347 × 585) with λ 
k = 8
There is a unique non-trivial solution for Eq.(1) with λ 
k = 9
There are in total 700 non-trivial solutions for Eq.(1), of which we can construct 452 simple 4 − (35, 9, Λ) designs. Here are two examples.
(a) λ 
4 = 84, λ
4 = 50, λ
4 = 90,λ
4 = 28,λ
4 = 294,λ
4 = 140, which yields a simple 4 − (35, 9, 414 × 63) design.
Remark 2.4
For the cases t + 1 ≤ k ≤ 2t − 1 we have observed that Eq.(1) has a unique solution leading to a simple design. This is exactly the case, when each ingredient design is a complete design, and the resulting design is a complete design as well. However, when we allow a non-simple design as a resulting design, then we may have non-trivial solutions.
Conclusion
We have presented a new recursive construction for simple t−designs based on a composition of smaller ingredient designs. The construction leads to find solutions for the indices of the ingredient designs that satisfy a certain set of equalities. With a small number of examples to demonstrate the strength of the method, we have constructed a large amount of new t−designs, which were unknown to date. Clearly the method is very fruitful and powerful. We could think of a considerable improvement of the Table for simple t−designs in the Handbook of Combinatorial Designs, when we would apply this method.
